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SINGULAR SETS AND THE LAVRENTIEV PHENOMENON 


RICHARD GRATWICK 


Abstract. We show that non-occurrence of the Lavrentiev phenomenon does 
not imply that the singular set is small. Precisely, given a compact Lebesgue 
null subset E C R and an arbitrary super linearity, there exists a smooth, 
strictly convex Lagrangian with this superlinear growth, such that all mini- 
mizers of the associated variational problem have singular set exactly E , but 
still admit approximation in energy by smooth functions. 


1. Introduction 


For a fixed closed bounded interval [a, 6] C 
mizing the functional 

r b 

(1) 


L we consider the problem of mini- 


JS?(it) = / L(x, u(x), u'(x)) dx 

J a 


over the class of real-valued absolutely continuous functions u £ AC (a, b) with fixed 
boundary conditions, where the function L = L(x,y,p): R 3 — > R, the Lagrangian , 
is a fixed function of class C°°. The first general existence results were given 
by Tonelli (~mI [l5|; these require the assumptions of superlinearity and convexity 
of L in the variable p. Assuming the stronger condition that L pp > 0, he also 
proved the following partial regularity theorem: minimizers of (HD are everywhere 
differentiable (possibly with infinite derivative) and this derivative is continuous as 
a map into the extended real line. Thus the singular set of a minimizer, defined 
as those points where the derivative is infinite, is closed. Since the minimizer 
is absolutely continuous, we know immediately that it must also be of Lebesgue 
measure zero. A number of versions of Tonelli’s partial regularity theorem, under 
significantly weaker hypotheses than Tonelli’s original statement, can be found in 
the work of Clarke and Vinter [3: 1 , 3], Sychev 13 1, Csornyei et al. Q, and Ferriero 
0,Q. Gratwick and Preiss [s] show that little further improvement is possible. 

Tonelli proved conditions guaranteeing that the singular set is empty, i.e. that the 
minimizer is fully regular. That it can be non-empty given the assumption necessary 
for partial regularity (i.e. L pp > 0) was shown by Ball and Mizel [§], who exhibited 
examples of minimizers with one-point singular sets. They also constructed, given 
an arbitrary closed set of measure zero E , a C°° Lagrangian depending only on 
( y,p ), superlinear in p and with L pp > 0, such that the unique minimizer of (|TJ has 
singular set precisely E. 

Davie [(j) completed this work by constructing, for an arbitrary closed null set 
E, a C°° Lagrangian L = L(x, y,p), superlinear in p and with L pp > 0, such that 
any minimizer has singular set exactly E. Davie constructs an admissible function 
v £ AC(a, b ) and a Lagrangian L so that there exists a constant (in his notation) 
(8a) -1 > 0 such that jSf(u) < (8a) -1 , but for any admissible function u £ AC(a, &), 
if for some c £ E we have that u'(c) exists and is finite, then Jzf(u) > (8a) -1 . 
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Therefore any minimizer (and at least one exists) must have infinite derivative on 
the set E. Thus the proof rests on the fact that the energy of C 1 functions is 
bounded away from the infimum of the energy over all AC (a,b) functions, i.e. that 
the Lavrentiev phe nomenon occurs. That such a gap can occu r at all was f irst shown 
by Lavrentiev ful . Since the corresponding example of iBall and Mizel described 
above is autonomous, i.e. has no dependence on the variable x, it follows by a 
result of Alberti and Serra Cassano jl| that there can be no Lavrentiev gap in this 
example. 

This raises the question of the exact relationship between the singular set and 
the occurrence of the Lavrentiev phenomenon. If a problem exhibits the Lavren¬ 
tiev phenomenon, then certainly the singular set of any minimizer over AC(a, b) 
must be non-empty, although it should be noted that the first examples of such 
problems found by Lavrentiev 0 and Mania [ll] do not satisfy the L pp > 0 con¬ 
dition required for classical partial regularity statements. That a minimizer has a 
non-empty singular set does not, of course, in general imply the occurrence of a 
Lavrentiev gap. Quite the reverse is in fact the case: one usually has to go to some 
effort to prove that a Lavrentiev gap does occur. However, it might be conjectured 
that if a minimizer has a large singular set, for example of Hausdorff dimension one, 
then a gap must occur. Thus the question is: can one prove Davie’s result without 
inducing a Lavrentiev gap? We show, using the methods which Csornyei et al. Q 
introduced in the context of universal singular sets, that this is indeed possible, i.e. 
that the existence of a large singular set does not imply occurrence of the Lavren¬ 
tiev phenomenon. Conversely, knowing that the Lavrentiev phenomenon does not 
occur does not tell us that the minimizer has small singular set, for example in the 
sense of Hausdorff dimension, nor indeed give us any information about the nature 
of the singular set not alrea d y ava ilable. 

The methods of Csornvei et al.l also naturally allow us to construct a Lagrangian 
giving this result which has arbitrary given superlinear growth, so this result is a 
generalization of Davie’s result even without the further result preventing a Lavren¬ 
tiev gap. 

We prove the following theorem. 


Theorem 1. Let [a, b] be a closed bounded subinterval of the real line, and let 
E C [a,b] be closed and Lebesgue null. Let w £ C 00 ^) be strictly convex, such 
that uj(p) > w(0) = 0 for all pel, and Lu(p)/\p\ -A oo as |p| —> oo (i.e. a; has 
superlinear growth). 

Then there exists L £ C , °°(M 3 ), L = L(x , y,p), strictly convex in p and such that 
L(x, y,p ) > w(p) for all ( x,y,p) £ R 3 , and function u £ AC(o, 6) such that 

• u is the unique minimizer of the functional © with respect to its own 
boundary conditions; 

• the singular set of u is precisely E\ and 

• there exist admissible functions Uk £ C°°([a, b]) (i.e. «fc(a) = u(a) and 
Uk{b) = u(b)) such that Uk —> u uniformly and Jz?(w,fc) —> J£(u). 

For the entire paper we shall assume that [a, b], 0 ^ E C [a, 6], and lo are fixed 
as in Theorem [T] 


Notation. We let || • || denote the supremum norm on R 2 , which is the norm used 
throughout and for the following definitions. The diameter diam(X) £ [0, oo) of a 
bounded set X C R 2 is defined by diam(A) = sup x yeA - ||x—y||. For sets X , Y C R 2 , 
the notation X <s Y is used when the closure X of X is compact and contained 
in Y, and the distance dist(X, Y) £ [0, oo] between the two sets is defined by 
dist(A', Y) = inf xe x, y eY ||a; — j/||, and is written dist(a:, Y) when X = {x} (this is 
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understood to be +oo if one of the sets is empty). On the real line, for r > 0, we 
will use B r (X) for the r-neighbour hood of a subset ICI. 

For a bounded interval [a, b] in R, we shall write AC (a, b) for the class of abso¬ 
lutely continuous functions on [a, 6 ]. For any function u : R —» R we let U: R —»• R 2 
be given by U(x) = (, x,u(x )). The supremum norm of a function on R 2 shall be 
denoted by || ■ ||oo. Partial derivatives shall be denoted by subscripts, e.g. 4> x , & y 
for functions $ = $>(x,y): R 2 —>• R. The Lebesgue measure on the real line shall 
be denoted by A. 

Acknowledgements. I wish to thank David Preiss for his insightful advice on this 
subject and this paper. 


2. Calibration 


Our approach to the construction of minimizers with infinite derivatives is in¬ 
spired by that in Csornyei et al. [s]. We use a calibration argument to prove that 
functions with a specified derivative are minimizers of m where the Lagrangian L 
is constructed via a potential defined on R 2 . The original context of this method 
was the study of universal singular sets, specifically the construction of a La¬ 
grangian with universal singular set containing a certain subset S of the plane. 
Thus ICsornvei et al.1 constructed the potential to have singular behaviour at these 
points S. For each point in S' a minimizer was constructed with derivative given via 
the potential (hence infinite at that point) and graph passing through that point. 

We need just one minimizer u, but one that has infinite derivative at every point 
of the set E. Thus it is more natural to begin by defining u (via its derivative), 
because firstly this is very easy, and secondly this readily gives us a sequence of 
smooth admissible functions approximating u with which we shall see the Lavrentiev 
phenomenon does not occur. So we approach the construction of the Lagrangian 
with the derivative of our intended minimizer already given, and with this derivative 
construct a function ip on the plane with which we can c ompare the potential. This 
is then the reverse logic to that used in ICsdrnvei et all in which minimizers were 
selected to solve an ODE given via the potential. Our function ip is defined to 
mimic this idea in the sense that it agrees with the derivative of u on the graph of 
u'; so our minimizer does satisfy (almost everywhere) the ODE u' = ip(x,u). This 
is however a consequence of our definition of ip given zt, not vice versa. 

We first recall Lemma 10 from Csornyei et al. |5j, stated and used almost as in 
this original paper, except that later we need also an upper bound of the function, 
for our smooth approximation estimates. We do not repeat the (simple) proof of 
the other statements. 


Lemma 2 . There exists a C°° function 7 : {(p,a,b) G R 3 : b > 0} —>• R with the 
following properties: 

( 2 . 1 ) p i-a 7 (p, a, b) is convex; 

( 2 . 2 ) 7 (p, a, b) = 0 for p < a — 1 ; 

(2.3) 7 (p, a, b) = b(p — a) for p > a + 1; 

(2.4) 7 (p, a, b) > max{0, b(p — a)}; and 

(2.5) 7 (p,a,b) < b\p- a+ 1|. 


Proof. Recalling the proof from Csornyei et al. Q, we see y(p, a, b) = b f p a rj, 
where non-decreasing 77 G C'°°(R) was chosen such that i){x) = 0 if 2 ; < — 1, 
z ~l(x) = 1 if x > 1 , and J_ 1 r] = 1 . The only new statement (2.5) is trivial: if 
p<a-lorp>a+l then the result follows from (2.2) or (2.3) respectively. If 
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a — 1 < p < a + 1 , then 

pp—a rp—CL 

7 (p, a, &) = &/ rj(x)dx<b 1 dx = b(p — a + 1 ) < b\p — a + 1 |. □ 

J oo j -1 

The next result is a version of Lemma 11 in Csornyei et al. The main 
difference, as discussed, is that ip is given before the potential We recall that for 
a function u: [a, b] —> R, the function U: [a, b\ —> R 2 is given by U(x) = ( x , u(x)). 

Lemma 3. Let S C R 2 be compact, ip £ C 00 ^ 2 \ S) be such that ip(x, y) oo as 
dist((x, y), S ) —» 0, and $ £ C°°(R 2 \ S) D C(R 2 ) satisfy the following conditions: 

(3.1) —$ x {x,y) > 4& y {x,y) > 0 for all (x,y) eR 2 \5; 

(3.2) <& y {x,y) > 320 oj'{ip(x,y)) for all (x,y) € R 2 \ S; 

(3.3) -2($ x /$ y )(x,y) < ip(x,y) < -160{$> x /& v )(x,y) for all (x,y) 6 R 2 \ S; and 

(3.4) for all u £ AC (a, b), the sets U~ 1 (S) and (d> o U)(U~ 1 (S)) are Lebesgue null. 
Then there exists a Lagrangian L £ C'°°(R 3 ), strictly convex in p and satisfying 
L{x,y,p) > u)(p) for all ( x,y,p ) £ R 3 , such that for all u £ AC {a,b), 

jSf(u) = f L(x, u(x),u'(x)) dx ><&(U(b)) — 3>(C/(a)), 

J a 

with equality if and only if u'(x ) = ip{x,u(x)) for almost every x £ [a, b\. In 
particular, any such u is the unique minimizer of m with respect to its boundary 
conditions. 


Proof. This mimics the proof of Lemma 11 in Csornyei et al. jBJ. Define £ 
C°° (R 2 \ S) by 

-$ x +u)(ip) - u'{ip)ip 


9 = — to'(ip) and £ = 


9 


Fix (a;, y) £ R 2 \ S. Then note by (3.3) and (3.1) that ip > 0, so by properties of 


uj we have that uj'(ip) > 0. So using also |(3.2j| we have that 

( 2 ) 


1 319 

" ? = 320*» S 


so £ is well-defined. By convexity of w we have that oj(p) — uj'(p)p < w(0) = 0 for 
all p > 0. So, using this and properties |(3.3)| and |(3.2)| we see 

( 3 ) 

> -$ a; +w(V>)-a /(ip)ip =£9 > - § x -uj'(ip)ip > + = -$z/2. 


320 $ 


v 


So, since 4>. y = 9 + u)'(ip) > 9 > 0, we see by (3.1) that 
(4) £ > -$ a /(2 9) > -$ I /(2$„) > 2, 


and so, using (3.3) and (0, 

ip > -2 $ x /% > -2 • 319^/(3200) > 3£/2 > £ + 1. 

The point of these estimates, and the choice of constants in the assumptions which 
allows them to be derived, is that 

(5) 0 < £ - 1 

and 

(6) ip > £ + 1. 

We use the corner-smoothing function 7 from Lemma [2] to define 

l(p,£(x,y),9(x,y)) (x, y) £ R 2 \ 5, 

0 otherwise. 


F(x,y,p) = 
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Clearly F G C° 


\S) xl). For fixed p G 


, by the growth assumption on ip 

we 


there exists an open set f2 D S such that ip > 320(p + 2) on O. By © and (3.3) 
see that £ > —$> x /(2$ y ) > ip /320 > p + 2, and so F = 0 on 12 x (—oo ,p + 1), by 
property (2.2) of 7 . So in fact F G C'°°(R 3 ). Clearly F > 0 by (2.4)| and is convex 


in p by ( 2 . 1 ) 


Defining L(x, y,p) = F( x, y,p)+u(p) gives a Lagrangian L G ("'“(R 3 ) such that 
L > ui and L is strictly convex in p. For ( x , y) G R 2 \ S, we have, by convexity of 


u and property (2.4) of 7, that 


L{x , y,p) > v(ip(x , y)) + u}'{ip{x, y)){p - ip(x, y)) + 8(x, y){p - £(x, y)) 

= $x(x,y) +p$ y (x,y). 

Moreover, p = ip(x,y) implies equality by © and (2.3)| and equality in this in¬ 
equality implies p = ip(x,y) by strict convexity of to. Thus equality holds in this 
inequality if and only if p = ip(x, y). 

Let u G AC(a,b). Since $ G C' 00 (R 2 \ S), we see that (<f> o U): [a,b} — > K is 
differentiable for almost every x (/ 17 _1 (S'), which is almost everywhere on [a, b\ 
by (3.4)| with derivative ($ o U)’{x) = $> x (U(x)) + u 1 (x)($ y (U(x)), and for almost 
every x G [a, 6 ], the above inequality implies that 

(7) L(x, u(x), u'(x)) > <& x (x, u(x)) + u'(x)$ y (x, u{x)) = ($ o U)'(x), 

with equality if and only if u'(x) = ip(x, u(x)). We note that (4> o U) has the Lusin 
property, i.e. maps null sets to null sets: (3.4) implies that any subset of U~ 1 (S) is 
mapped to a null set, and on [a, b]\U~ 1 (S) the function (<E>of7) is locally absolutely 
continuous, since 4> G C'°°(R 2 \ S). 

Let {(a^, bj)}j£j be the (at most countable) sequence of components of (a, b) \ 
U~ 1 (S) such that $(U(aj)) < $>(U(bj)) (if there are no such components then 
the result is trivial). Then using that (4> o U) is locally absolutely continuous on 
(a, b)\U~ 1 (S) and the fact from (3.4) that (<f> oU)(U~ 1 (S)) is null, we see, using ( 0 ), 
that 


L(x, u(x), u'(x)) dx > > 


jeJ' 


> 


jeJ ‘ 

>E 


L(x, u(x), u’(x)) dx 


max{0, (4> o U)'} dx 


m(bj)) - *(u( aj )) 


j&j 

> &(U(b))-$(U(a)). 

Equality in this relation implies that L(x,u(x),u’(x)) = (4> o U)'(x) for almost 
every x G U jej( a j’bj), but also that U jej( a jybj) = (a, b) \ U~ 1 (S). Therefore in 
fact L(x,u(x),u'(x)) = ($ o U)'{x) for almost every x G (a, b) \ U~ 1 {S). By (JJJ) 
this implies that u'(x) = ip(x, u(x)) for almost every x G [a, b\, since U~ 1 (S) is null 


by (3.4) 


Conversely, u'{x) = ip{x , u{x)) almost everywhere implies by (3.3) that 


(<F o U)'{x) = ($ x o U)(x) + ip(x)($ y o U)(x) > (-$ x o U){x) > 0 

almost everywhere. This, combined with the fact that (4> o U) has the Lusin prop¬ 
erty, implies that (4>o[/) is absolutely continuous [see[l2|, Chapter IX, Theorem 7.7]. 
Moreover, © gives that L(x,u(x),u'(x)) = (4> o U)'(x) almost everywhere, hence 


L(x, u(x), u'(x)) dx = / (<F o U)'(x) dx = $(U(b)) — $({7(a)), 
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as required. 


□ 


3. Construction of the minimizer 


We now begin the construction of our future minimizer u, by constructing first 
its derivative 0. The essential property of </> is that fax) —>• oo as dist(a:, 2?) —► 0. 
We naturally define <f> as the limit of a sequence of non-negative C°°(R) functions 
{fa}%L 0 , w here each fa is bounded above, and on an open set 14 covering E at¬ 
tains this bound (which tends to oo as k —t oo). We construct fa so that their 
primitives Uk will be admissible functions in problem © (i .e. have the same bound¬ 
ary conditions as u) and converge uniformly to u. In fact we shall guarantee that 
u — Uk off 14- So, since our Lagrangian will be constructed as in Lemma O our 
estimates showing that there is no Lavrentiev gap reduce just to estimates of the 
integral over 14 of a function involving the gradient of the potential $. This then 
requires a certain upper bound for the measure of 14 ■ We must also remember that 
our potential $ must have a gradient which satisfies inequalities involving <fi and 
hence fa. This $ will- just as in Csornyei et al. @—be defined using a sequence 
of C°°(R 2 ) functions { < E ,fc }^4 0 which have appropriately steep gradients on open 
sets fife around U(E). To guarantee that these fa converge, these sets must be 
small in the directions of these gradients, which is most easily achieved by ensuring 
they are small in all directions. We choose f Ik so that this measure is controlled by 
that of 14; this gives another upper bound for the measure of 14- Other bounds 
are required for technical reasons in the proof; we impose just one inequality which 
suffices to give all the results. 

For k > 0, let {/ifcjfeLo an d i^k}kL o be strictly increasing sequences of real 
numbers tending to infinity, such that ho,Ao > 1. We will eventually need to 
define explicit values for these sequences to satisfy the exact inequalities required 
in Lemma [31 but until we make these definitions, the construction requires only 
these general assumptions. 

Define Vo = R and Wo = (a — 1,5+1). For k > 1, we find decreasing sequences 
of open sets 114 <s 14 C R covering E, of form 


n k 

Vk = [J «, b\) C R, where a\ <b\ < a\ <b% < ... a% k < b k k , and 
2=1 
nk 

Wk = (a\, b l k ) C R, where a l k < a\ < b l k < b\ for all 1 <i<nk, 

i =1 

for some nk > 1, such that 


(8) 14 CB h (£); 

(9) 14 114 - 1 ; and 

( 10 ) 

A(14) < ((1 + 4(dist(U,R \ H4_i)) 1 )2 fe+3 A^_|_ 1 (/ifc+i + 2)(1 + u>(hk+i + 2))n,k—i) 


For k > 1 we define 

• r k = K~ a k > an< l r k = mini^i^n^ r\ > 0; 

• = \ > 0, and ffc = mini<j<„ fe f\ > 0; and 

• S k = dist(Fl, R \ 14), where this is strictly positive by compactness of E. 

Let Vj? = ( a l kl b \) and WJ. = (al,b l k ) for each 1 < i < n±. We assume that each 
component of W k contains a point of E. Then since A(14) — > 0 as k —> oo, we see 
that DfeLi 14 = E. We assume further that, as would be natural in the construction 
of the sets, that, when E C (a, 6), the sets 14 Q (a, b), and otherwise, i.e. when a or 
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b £ E, that the interval(s) covering the endpoint(s) are centred around the relevant 
endpoint(s), and that all the other intervals lie inside (a, b). Then in all cases, 

( 11 ) fk<2X{Win(a,b)) 

for all 1 < j < nk and all k > 1. 

The sets Wk only play a role later, when we have to define the function tfj on 
the plane which equals u! on the graph of u: it becomes at that point necessary for 
us to have a gap between the sets 14, where we shall stipulate the value of u ' k , and 
the sets Wk where we permit some non-zero addition to u' k _ l in the definition of 
u' k . Until Lemma EE however, little is lost if one does not distinguish between 14 
and Wk- 

Note for 1 < * < n-k, x £ V k and y ^ 14— l, we in fact have, choosing z £ EC\V k , 
that \z — x\ < r\ < A(14), and so by (fTUl) . 

\x-y\>\y-z\-\z-x\> 4-i - A(14) > 4-i/ 2 - 
Thus, since this holds for all 1 <i<rik, 

(12) dist(14,R\U fc _i) >dist(U,R\14_i)/2. 


Lemma 4. There exist a strictly increasing function u £ C°°([a, b] \ E) fl C([a, 6 ]) 
and a sequence {wfc}^4 0 of strictly increasing functions Uk £ b]) such that, 

for all k > 0 , 

(4.1) u(a ) = Uk{a) and u(b) = Uk(b); 

(4.2) u(x) = Uk{x) for all x £ [a, b\ \ Wk, and consequently u'( x) = u' k {x) for all 
x £ [a, 6] \ Wk', 

(4.3) u'(x) > hk for all x £ 14 \ E, and u k (x) > hi for all x £ Vi for all 0 < l < k; 

(4.4) u'{x) = u' k (x) for all x £ [a, b\ \ 14, and u' k (x) <h k + 2 for all x £ [a, b\; and 

(4.5) Uk —^ u uniformly on [a, b\. 


Proof. We first exhibit a sequence {<4};llo functions <4 £ C 00 )®) such that for 
all k > 0 , 

(4.a) 1 < 4>k(x) < hk + 2 for all ieR; 

(4.b) hk + 1 < <j>k(x) for all x £ 14; 

(4.c) 4>k{x) = 4>i{x) for all x £ R \ Wi for all 0 < l < k; 

(4.d) hi < (fk(x) for x £ Vi for all 0 < l < fc; and 

( 4 - e ) fwin(a,b) fa = fwfn(a,b) & for a U 1 < * < «! and all 0 < l < k. 


Define 4>o(x) = ho + 1 for all x £ R, which clearly satisfies (4.a) ■ (4.e) Let k > 1 


and consider 1 < j < rik-i- Note that inequalities m and w imply that 


A(w4 1 nu fc n(a,6)) < x(v k ) < 


dist(U,R \ Wfc_i) 

2 {hk — hk -1 + 1 ) 


< 


_Tfc-l_ 

2(2 (hk — hk- i ) + 1 ) 


< 


A(fUfc _ 1 fl (a, b)) 

2 (hk — hk- 1 ) + 1 ’ 


and so 


X{W k x n (a, b)) 


A(14 n w 3 k _ x n (a, b)) 

Hence we can choose pk £ C°°(IR) such that 


4 2 {hk hk—i ) + 1 > h k 


hk -1 + 1 - 


(13) 

(14) 

(15) 


Pk{x) = 0 for all i£l \ Wfc_i; 

— 1 < Pk(x) < hk — hk- i for all x £ R; 
Pk(x) = h k — hk- i for all x £ 14; and 


,w i-i n(o,6) 


pk = 0 for each 1 < j < rik-i- 


(16) 
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For example, fix 1 < j < rik- 1 , and note that when considering open sets G k , G k 
such that 

v.nwl^Gi^Gi^wi,, 

the value A (G k fl (a, b))/X(G k PI (a, b )) depends continuously on the measures of the 
two sets G k C\(a, b) and G k fl(a, &), and takes values greater than but arbitrarily close 
to 1 , and less than but arbitrarily close to A(Wj ?_ 1 fl (a, b))/X(W k _ 1 fl 14 fl (a, b)) > 
hk — hk -i + 1. Thus we may choose sets G k and G k such that 


X(Gjn(a,b)) 
x (G j k n(a,b)) 


— hk — hk -1 + 1 ; 


that is 


(hk - h k -i)X(Gi n (a, b)) = X((G{ n (a, b )) \ (G{ n (a, &))). 


Then defining p k : 


by 


x G G{ 


p{(x) = 


hk hk —1 

-i xeGi\Gi 

0 otherwise, 


we see that 
r b r 


pI = 


' G 1 k _ i r\(a,b) 


Pk = (hk-h k -i)X(G{n(a,b))-X((G{n(a,b))\(G{n(a,b))) =0. 


Choosing an appropriate mollification, we can assume that p k is of class C ,00 (K.), 
the same equation holds, and that p 3 k satisfies (fl3l) (fliH) . with W k _ x fl Vk replacing 
Vk in condition (fT5l) . Then defining pk = Pk gi yes Pk as claimed. 

Using this pk, we now suppose 4>k- 1 to be defined, and set <f>k = 4>k-i + Pk- 
This defines our sequence {<pk}kLo- We now show by induction on k > 0 that these 
functions satisfy the requirements (4.a) ■ (4.e) Let k > 1, and suppose 4>k-i has 
been constructed in this way and satisfies all the conditions. 

By (THU) we see that (j>k = <t>k -1 off Wk- i, which gives (4.c) by inductive hypothe¬ 
sis and since {Wk}kL 0 is a decreasing sequence. Then for points not in Wk-i, we see 
that the inequality in (4.a) holds by inductive hypothesis (4.a) and since {hk}kL 0 is 
an increasing sequence. For x G Wk- 1 we have, by inductive hypothesis (4.b)[ (flTl) . 
and inductive hypothesis (4. a)| that 

1 < h k ~i < 4>k-i(x) - 1 < 4>k(x) < 4>k-i(x) + (h k - h k - i ) <h k + 2 . 


Hence the inequality in (4.a) holds everywhere, as required. Note that for x G 14 
we have by (fTbl) and inductive hypothesis (4.b)[ since 14 4 ! 4 _i, that 

(/>k(x) = 4>k-i(x) + hk - h k -i > hk + 1, 


as required for (4.b) This implies (4.d) when x G Vk- Otherwise, choose the 
greatest index 0 < l < k such that x G Vi. If l < k — 1, then x ^ I4_i, so 
inequality (4.d) follows by (fTTTl) and inductive hypothesis (4.d) If l = k — 1, then 
x G 14- 1 , and so by (fill) and inductive hypothesis (4.b)| 

4> k (x) > 4> k -i(x) - 1 > h k - i, 


hence (4.d) holds in all cases. For the claim (4.e) there is nothing to prove for 
l = k, so let 0 < l < k, and fix 0 < i < n;. Then using (ED, ED< and the inductive 
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hypothesis we have that 

/ 0k — / 0k—1 

Jff'n(o, 6) Jw;n(a,b) 


I Pk — j 0k— 1 / Pk 

lwfr\{a,b) Jw’n(a,b) iw‘nif k _in(o,t) 


iw;n{a,b) 


0k -1 


Jw}n{a,b) 

since {Wfc}£L 0 is decreasing, so W/ fl U 4 _i D (a, 6 ) consists of components W ^_ 1 fl 
(a, 6 ) of W 4 _i (~l (a, 6 ). 

Using © we see that for all x £ E there is k > 1 such that x (j Wi for all 
l > k, thus by (4.c) letting (j>{x) = Ymik^oo 4>k{x) defines a well-defined function 
0 G \ E) such that 


(17) 


0{x) = <j>k{x) for all x ^ Wk- 


By (4.a) we have that 0{x) > 1 for all x G R \ E. 


that 


Now, \4> k \ < |0o| + \pi\ for all k > 0, and using C©, (HU), and (©3) we see 

»i) oo oo 

/ ^2 n - ( & - + f)+ A (i a ’ fo ] n w i-i)( h i - h i- 1 + f) 

da J =1 

CO 

< (b — a)(ho + hi + 2) + + l)A(V)) 


Z=1 


i=i 


< (b-a)(2h 1 +2) + J2 2 ~ l 


i=i 


< oo. 


So by the dominated convergence theorem (f> G L^a, b), and 


(18) 


0k 


as k —> oo. 


We now define strictly increasing functions Uk G C°°([a,b]) for each k > 0 and 
u G C 00 ([a, b\\E)n C([a, b]) by 

PX PX 

Uk(x) = / cj)k{t)dt and u(x) = / 0{t) dt , 

J a J a 

and so u' k = 0k everywhere and u' = 0 off E, in particular almost everywhere. Con¬ 
dition (4.3) follows immediately from (4.d) Condition (4.4) follows immediately 
from (4.c) and (4.a) Condition (4.1) follows since by (4.e) and (|18[l . 

u k {b)= 0k = 0k = 0o = 0 = u{b), 

Ja Jw 0 n(a,b ) Jw 0 n(a,b) Jw 0 n(a,b) 

and since clearly u k {a) = 0 = u(a) by definition. 

Let k > 0, and suppose x G [a, 6] \ 114■ Then either we have x < a\ for all 
1 < * < n k , or we have for some 1 < i x < n k that b l k < x and x < a\ for all 
i x < i < n k . In the first case we see immediately that, since [a, x] fl W4 = 0 . d© 
implies that 

PX PX 

u(x) = / 0(t)dt = / 0k(t) dt = Uk{x). 

J a J a 


•x 


•x 
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Otherwise we argue by (fT51) . (4.e) and (4.c) that 


u(x) = 0 = ^2 <t>+ </> = / <t>k+ (t>k 

J a i=1 JW£n(a,b) J[a,x]\W k i=1 Jw£.n{a,b) J[a,x]\W k 


= f%k 

J a 

= Uk(x), 


as required for (4.2) 

Fix 1 < i <rik, and let x G W k . Since u and u k are increasing, using (4.2)| (4.a) 


and m we see that 

I u k (x) - u{x) I < u k (bl ) - u{a\) = u k (b l k ) - u k {a\) = cf k < {h k + 2)(b l k - a|) 

J ~ a ' k 

< ( h k + 2)A(I4) 

< 2 _fe . 

Since u = u k off W kl we then have that sup,j, e r a b j |ufc(x) — u(a;)| < 2~ k , hence u k 
converges to u uniformly, as required for (4.5) □ 


4. Construction of the potential 

The construction of our potential, <f>, is based on that which constitutes the proof 
of Theorem 10 in Csornyei et al. @]. We construct a sequence of C' 00 (M 2 ) functions 
{3> fc }£l 0 which have steep gradients on open sets f l k around the graph U(E) of u on 
E. Because we have fixed the derivative </> of our minimizer u with which we have 
to compare the derivatives of $, the sets Q k are n ow given before the construction. 
This contrasts with the situation oflCsornvei et al.. where the sets could be chosen 


small enough at each stage of the construction of the sequence. We have of course 
carefully chosen Cl k , or more precisely in fact V k , so that all the properties required 
at this stage hold with these fixed sets. 

Let O 0 = R 2 , and for k > 1 and 1 < i < n k define f V k = V k xu(V k ) = V k xu k {V k ), 
and f l k = (J"=i ^k- So is an open set satisfying tt k s> U{E). 

Lemma 5. For this definition of the sequence we have that 

(5.1) nr=i n k = u(e)\ 

and for each k > 1 , 

(5.2) dist(f2fe,M 2 \ flfc_i) > <5fc_i/2; and 

(5.3) i diam(Oj.) < A {V k )(h k + 2). 

Proof. The inclusion U(E) C (J ^ =1 Cl k is clear. Let (x,y) ^ U(E). If x E then 
there exists k > 1 such that x £ V k , so (x, y) Cl k . Otherwise, x G E but y u(x). 
Since x G E, for all k > 1 there exists 1 < i k < n k such that x G V k k . Since 
| b l k —af k | < A(14) —> 0, there exists k > 1 such that \u(b' k ) — u(a k )\ < \y — u(x)\/2. 
If y G (u(a l k ), u(b l k )), then 

I V - u(x)\ < | y- u{a k )| + | u(a k ) - u(x )| < 2| u(b lk ) - u{a k )\ < \y - u{x)\, 

which is a contradiction, so y ^ (u(a x k ),u{b l k )). Since x G (of k ,b z k ) and the com¬ 
ponents of V k are pairwise disjoint, this implies that (x, y) £ Q k . 

Fix k > 1, and let {x\,yf) G Q l k for some 1 < i < n k , but (£ 2 , 2 / 2 ) ^ O k -i 
(the result (5.2) is trivial if k = 1 and hence no such point exists). There exists 
1 < j < n k - 1 such that X\ G V k _ x , since {V k }jf =0 are decreasing. First we suppose 
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that x 2 V^_ 1 . Then since there must exist at least one point between x\ and x 2 
which does not lie in Vk-i, equation (TH 2 ) implies that 

\\(xi,yi) - (x 2 , 2 / 2 )|| > \xi - x 2 \ > S k - 1/2. 


Otherwise G V^_ 1 . Notice that by (4.3) and (fl2l) we have 

K&jUi) “ u ( & fc)l > hk-iSk-i /2 and \uial_-y) - u{a\)\ > h k -iS k -i/ 2 . 
Since yi G (u{a l k ) , u(b k )) but y 2 £ (u(a k _ 1 ) 1 u(b J k _ l )), this implies that 
\\{xi,yi) - (x 2 ,y 2 )\\ > \yi ~ yz\ > h k -iS k -i /2 > S k - 1/2, 


as required for (5.2) 


Finally, for 1 < i < n k , we easily see using (4.4) that 

diam(ff fc ) < | u k (b\) - u k (al)\ < (h k + 2)A(^), 
and hence, since { 14 *jT=i are pairwise disjoint, 

nk nk 

Y diam(n* fc ) < (h k + 2) Y \(V£) = (h k + 2)X(V k ), 


as required for (5.3) 


□ 


The final step before we construct the potential is to lift our derivative cf> from 
the real line into the plane, i.e. to construct a function if on the plane with which 
we can compare the potential, and which agrees with cj> where necessary, i.e. on the 
graph of u. 


Lemma 6. There exists if G C 00 ^ 2 \ U(E)) such that 

( 6 . 1 ) ip(x, y) < h k +2 for all (x,y) f l k \ 

(6.2) if(x,y) > h k for all (x,y) G Cl k \ U(E ); and 

(6.3) if(x, u(x)) = u'(x) for all x G [a, b] \ E. 


Proof. We construct a sequence {V’fclfeUo of functions V’fc G C 00 ^ 2 ) such that for 
k > 0 , 

( 6 .a) i> k (x, y) <h k + 2 for all (a:, y) G K 2 ; 

( 6 .b) ip k (x,u k {x)) = u' k (x) for all x G [a, &]; 

( 6 .c) ip k (x, y) = 4> k (x) for all (x, y) G fl k , where ( p k is as constructed in the proof 
of Lemma [2 


and for k > 1 , 


( 6 .d) ip k (x, y) = V’fc- i(x,y) for all (x,y) fl k - 1 ; and 
( 6 .e) ip k (x, y) > h k -i for all (x,y) G fifc_i. 

Defining V’o = ho +1 satisfies all the conditions ( 6 .a) - ( 6 .c) Suppose V’fc -1 has been 


constructed as required, for k > 1. It is at this point that the positive distance 
between W k and R \ V k becomes useful. We define a new sequence of open sets 
i n such that U(E) C fl k C Q k and fl k D Dfc + i by setting U 0 = R 2 , 
and for k > 1, = W k x u(W k ) = W k x u k (W k ), and f 1 k = Choose a 

function ir k G C°°(]R 2 ) such that 0 < ir k < 1 on R 2 , ir k = 0 off and n k = 1 

on fl k ~ i- Using V’fc G C°°(M) from the proof of Lemma [2 we define 

i>k(x,y) = V’fc-i (x,y) +7r k (x,y)(<j> k (x ) - ip k -i(x,y)). 


Condition ( 6 .d) is immediate. Since f l k C we see that if k (x,y) = <f> k (x) for 


(x,y) G Ufc, as required for (6.c) 


We note that by inductive hypothesis ( 6 .a) and (4.a) 


V’fe = (1 - n k )ipk-i + TifcV’fc < (1 - 7Tfe)(/ifc_ i + 2 ) + 7 T k (h k + 2) < h k + 2 , 
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since {hk}%L 0 are increasing, as required for ( 6 .a) Now let (x,y) G fifc_ 1 , to 
check ( 6 .e) Using inductive hypothesis ( 6 .c) and (4.d) we see that 

— (1 i d - — (1 i T 4(1 7r)/ifc—i T l — hk— i, 

as required. 


For ( 6 .b) we need to consider cases. First suppose £ ^ T4_i, so (x,Uk{x)) ^ 


Ufc_i. Then by (4.2) and inductive hypothesis ( 6 .b) 


ipk(x,u k {x)) = i>k-i(x,u k {x)) = %l)k-i{x,u k -i{x)) = u' k _ x (x) = u k (x), 
as required. For x G Wk-i, we see that then ( x,Uk(x )) G fife_i, and so 

tpk(x,u k (x)) = ipk-i(x,u k {x)) + u' k (x) - ip k -i(x,u k {x)) =u' k (x), 
as required. The final case is for x G T4_i \ Wk- i, in which case we argue that 


by (4.2) and inductive hypothesis ( 6 .b)| 

ipk{x,u k (x)) = ip k -i{x,u k (x)) + 7 T k (x,u k (x))(u' k (x) - ipk-i(x,u k (x))) 

= 1pk-l{x,U k (x)) + 7Tfe(x, u k {x))(u'k_i{x) - 4>k-l(x,Uk-l(x))) 

= 1p k -i(x,Uk-l(x)) 

= u' k _i{x) 

= u' k (x), 

as required. Hence the result in general. 

Let (x, y) G l 2 \ U(E). By (5.1) there exists k > 1 such that (a;, y) ^ fifc_i \ fife- 


Then ( 6 .d) implies that linq^oo i/>; exists and equals ipk on an open set around 
(x,y). Hence 'ipk converges to a function if G C°°(R 2 \ U(E )) such that if = ifk on 
fifc_i\fifc. Condition (6.1) follows from ( 6 .a)| and condition (6.2) follows from ( 6 .e) 


For (6.3)[ we let x G [a, 6 ] \ E, find k > 1 such that x G T4_i \ 14 and hence that 
(x,u(x)) G flk -i \ fife, and use (4.2) and ( 6 .b) to see that 


ip(x,u(x)) =ip k (x,u(x)) = ipk(x, u k {x)) = u k (x) =u'(x), 


as required. 


□ 


We now state and prove appropriate versions of Lemmas 12 and 13 in Csornyei 
et al. [Bj]. For two vectors x,y G R 2 , we write [x,y] to denote the line segment in 
R 2 connecting them. 

Lemma 7. Let r > 0, e G I 2 \ {0}, and suppose fi C R 2 is an open set such that 
fi = U,~1 such that SSi diam(fij) < p- 

Then there exists / G C'°°(R 2 ) such that 

• 0 < f(x) < |j^jy for all x G R 2 ; 

• dist(V/(x), [0, e]) < r for all x G R 2 ; and 

• ||V/(x) — e|| < r for x G fi. 

Proof. We first show that it suffices to prove the result for e = (1,0). For an 
arbitrary e G R 2 , find a rotation R : R 2 —»• R 2 such that ||e|| _1 i?e = (1,0). Then 

oo oo 

^diam(||e||i?(fi,;)) = ||e|| ^ diam(fi,) < -j-rr, 

2=1 2=1 H II 

so ||e||i?(fi) satisfies the assumptions for e := (1,0) and f := y^y. 

So by assumption there exists / G C 00 ^ 2 ) satisfying the three conclusions for e 
and f. Define / G (^“(R 2 ) by f(x) = /(||e||i?x). Fix x G R 2 . Then firstly 


0 < f(x) = /(||e||i?x) < 


r 


r 
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By assumption there exists s £ [0,1] such that 

V/(||e||ikO-a(l,0)| <f. 

Then for this s £ [0,1] we have 

|| V/(x) — se|| = ||e|| V/(||e||i?a:)i? — s||e|| ||e|| _1 ei? _1 i? 

|e||(V/(||e||i?x) - s||e|| _1 e.R _1 ) 

= ||e||||v/(||e||i?x)-s(l,0) 

< l|e||r 

= r. 

Now let ie!l. Then ||e|| _ 1 i?a; G ||e|| _ 1 i?fi, so by assumption we have that 


Vf(\\e\\- l Rx) - (1,0) 


< T. 


Thus 


IIV/(as) — e || = ||e||V/(||e||-Ra;)i? — ||e||||e|| -1 ei?- 1 i? 

= l|e|||v/(||e||ftc)-(l,0) 

< l|e||r 

= r, 

as required. 

So we can indeed assume without loss of generality that e = (1, 0). By expanding 
each n i k slightly so that the inequality diam(f 2 |) < r /2 is retained, and using 
a suitable mollification, it suffices to construct a Lipschitz function g: R 2 —» K such 
that 

• 0 < g{x) < r /2 for all x £ R 2 ; 

• 9x{x) £ [0,1] and g y (x ) £ [—J] for every x £ R 2 ; and 

• 9x{x) = 1 for x £ 52. 

To do this, we first note that for any function 7 : R —» R, 

OO OO 


A({s £ R : (s, q(s)) £ fi}) < ^ A({s £ R : (s, 7 (s)) G f2,}) < ^ diam(f2j) 


< 


i=i 


i =1 


In particular, defining g: 


. just as in Csornyei et al. 11 , by 


g(x,y) = sup | x-b + 


i- 2 -hM' ]ds 


sGM:(s,7(s))GQ} 

where the supremum is taken over all b £ R such that b > x and all 7 : (— 00 , b] —> R 
such that Lip( 7 ) < e and 7 (b) = y , satisfies the requirements just as proved 
in Csornyei et al. H. □ 

Lemma 8. Let e > 0, e^e 1 G R 2 be distinct vectors, and <e S2' C R 2 be open 
sets such that f 1 = |J“ x such that 

00 e/( 2 ||e° — e 1 1 | 2 ) 


diam(f 2 j 


< 


(1 


|e° — e 1 1|<5)—!) ’ 


where 0 < <5 < dist(fl,R 2 \ fl')/2. Let g° £ C°° 
Then there exists g 1 £ C 00 ^ 2 ) such that 


llff 1 — 5° 


< 
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• 9 1 = 9° off ft'; 

• dist(V i g 1 (x), [e^e 1 ]) < e + ||Vg°(a;) — e°|| for all x G R 2 ; and 

• ||Vg 1 (a;) — e 1 1 | < e + ||Vg°(:r) — e°|| for all x G ft. 


Proof. Let r := 1+ (,;|j e o £ _ e i||)-i and apply Lemma[7]with this r, the set ft as given, 
and vector e := e 1 — e°. Let / G C°°(R 2 ) be the resulting function. 

Choose x G C 00 ^ 2 ) such that 0 < x < C X = 1 on fl, and x = 0 off ft', and 
||Vx|| < <$ _1 . Define g 1 = g° + xf- Clearly g 1 G C'°°(R 2 ). We see immediately 
from Lemma [7] that 


II.9 1 


< 



e 



Also note, by the properties of x and Lemma [3 we have for iGl 2 that 

dist(Vg 1 (a:), [eV 1 ]) < dist(Vg°(a;) - e° + (x^f){x) + (/Vx)(z), [0, e 1 - e 0 ]) 
< l|Vg°(a;) - e°|| + dist(V/(a:), [0, e]) + ||(/Vx)(x)|| 

= ||V 9 °(i)-e“||+e. 


For x G ft we have, since xi x ) = 1, that 

HVg 1 ^) - e 1 !! < || Vg°(ir) - e°|| + ||(xV/)(*) - (e 1 - c°)|| + ||(/Vx)(*)|| 

< || Vg°(:r) - e°|| + || Vf(x) - e|| + 

<||Vg0(,)-e0|| + .(l + ^_) 

= ||Vg°(:r)-e 0 ||+ e . □ 


We now construct a potential $ which will satisfy the conditions of Lemma [3] 
with the function if given by Lemma [I] We now assign values to our increasing 
sequences, and define two new sequence {t k } ! £L 1 and {B k }^L 0 by setting for k > 0: 

• h k = 10(3 + 2 fe+1 ); 

• tk = 3 + 2 fe ; 

• B k = 4 + 320u/(hfc+i + 2), and A k = 3t k B k . 

Also for k > 0, define numbers g k = 1 — 2 _fc_1 > 0 and e k = 2 _fc (4 n k )~ l > 0, 
and vector e k = (— A k ,B k ) G M 2 . We inductively construct a sequence {$ fc }£L 0 of 
functions <f> fc G C°°(R 2 ) satisfying, for k > 0, 

(19) ||V<f) fe (a:, y) -e k \\ < g k for all (x,y) G ftfc; 
and for k > 1, 

(20) ||$ fc -$ fc - 1 || 00 <e fc _ 1 ; 

(21) offft fc _i; and 

(22) dist(V$ fc (a:,y), [e fe _i,e fe ]) < g k for all (x,y) G ft*- 1 - 


We define <f) 0 (a;,g) = — Aqx + B 0 y , which clearly satisfies (fTTfl) . Suppose for k > 1 
that we have constructed <F fc_1 as claimed. To construct <f> fe we apply Lemma [8] 
with data e = e k -i, e° = efc_i, e 1 = e k , ft = f l k , IF = ftfc_i, 8 = 8 k -\/A , and 


9 


0 = $ fc - 1 . 


We must check that the assumptions of the Lemma hold with these 
values. First recall that (5.2) gives that S k - 1/4 < dist(ftfc,M 2 \ftfc_i)/2 indeed. We 
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see by (5.3) and (flUl) that 


y^diam(^fc) < X(V k )(h k + 2) 

2-( fe - 1 )(4n fe _i)- 1 /2A2 


2 = 1 


< 


< 


1 + 45 

e k -i/2\\e k - e 


-1 
k -1 

k „k— 1112 


1 + 4(<5fe— 1 1|e fe - e fe_1 || 2 ) -1 

We define as the function g 1 given by the Lemma. 

Then (12T1) is immediate, and since \\e k — e k -\\\ > 1, we see that ||4> fc — 4 fc_1 ||oo < 
e k -i as required for For ([22]) we let (x,y) G flk -1 and use inductive hypoth¬ 

esis (ED and the properties given by Lemma [5] to see that 

dist(V4> fc (a;, y), [e k -\,e k ]) < e k -i + || V$' ;_1 (r, y) - e fc _i|| 

< £fc-1 + ilk-i 

< 2 _ ( fe_1 + 2 ) + 1 - 2 _fc 

= Ik- 

Similarly for ED. we let (x, y) G flk and use the Lemma and the inductive hypoth¬ 
esis ED again, noting that Q k C Q k _i, to see that 

||V4 fc (a;,y) - e k \\ 2 < e k -i + ||V<f> fe_1 (:E, y) - e fe _i|| 2 < rjk- 

Hence we can construct such a sequence {<F fc })?L 0 as claimed. We now check that 
this gives us the potential we require for Lemma [3] with S = U(E). By (EU1) and 
since e k < 2~ < - k+2 \ we see that <f> fc converge uniformly to some $ G C( R 2 ). 

Fix (x,y) G R 2 \ (17(E)). By (5.1) there is k > 1 such that (x,y) G ft k -1 \ fl k , 
and hence 4 G C°°(R 2 \ (U(E))) (~l C(R 2 ) and V<f) = V<U on fl k -i \ Q k , for all 
l > fc, by ETll . Moreover, by ED, 

$ y (x,y) = $ k (x,y) > B k _i - ry fc _i > B 0 - 1 > 3 


as required for the second inequality of (3.1) More precisely, by (PEll there is 
s G [0,1] such that || V<f>(a;, y) — (se k - \ + (1 — s)e*j )||2 < 1- Using this we see that 

-$ x (x,y) < sH fc _ i + (1 - s)A k + 1 

< 2>t k (sB k -\ + (1 — s)B k ) + 1 

< 3 t k ($ v (x,y) + 1) + 1 

< 5 t k $ v (x,y), 

thus (— $ x /§ y )(x, y) < 5 t k . Similarly 

-$ x (x,y) > sA k _i + (1 - s)A k - 1 

> 3t k -i(sB k -i + (1 — s)B k ) — 1 

> 3t k -i($ y (x,y) - 1) - 1 

> t k - 1 ^ v (x,y ), 


thus (— $ x /$ y )(x, y) > t k -\. Condition (3.1) follows since 4-i > to = 4. We know 
from (6.2) and (6.1) that h k _i < ij;(x,y) < h k + 2. Thus, by properties of w, 

& y (x, y) > B k ~i — 1 = 3 + 320 ui'(h k + 2) > 320 ui'(ip(x, y)), 


as required for (3.2) 


We note that, from the definitions, 

104 = 10(3- 


2 k ) = h k -i, 
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and 

h k + 2 = 10(3 + 2 k+1 ) + 2 < 10 • 2 4 (3 + 2 k ~ 1 ) = 1604-1- 
So we see that 


-2$ x (x,y)/$ y {x,y) < 104 < if(x,y) < h k + 2 < -160 ® x (x,y)/® v (x,y), 


and hence get (3.3) 


We finally check (3.4)[ so let u G AC (a,b). The set U 1 (U(E)) C E and is 
therefore null. Fix k > 1, and note that by (GOD and since e k < 2 ( k+2 \ we have 
that ||«I> - $ fc ||oo < 2e k . Fix 1 < i < nfe. The image of A/ under $ is connected, 
thus 

and hence, since E21) implies that has Lipschitz constant at most A k + B k + 2, 

A($(n* fc )) < A(B 2eh ($ fc (n* fc ))) < 4e fc + A($ fe (fll.)) < 4e fc + (A fc + + 2)diam(n* fc ). 

So, summing over 1 < i < n k gives, by the choice of e k , (5.3)| and (flUl) . and since 
the {fare pairwise disjoint, 


A($(O fc ))<gA($(f2l)) 


i =1 
nfc 


< ^ ( (4 e k + {A k + B k + 2)diam(fl(,)) 
i=1 

<2 + (Afe + B k + 2)(/ifc + 2)A(14) 

C 2 _(fc_1) . 


Therefore, since for all k > 0, 

($ o U)(U-\U{E))) = $(U(a, b) n U(E)) C $(O fe ), 
we see that ($ o U){U~ 1 (U(E))) is indeed a null set. 


5. Conclusion 


Proof of Theorem]! J We let L G C°°(R 3 ) be the Lagrangian given by Lemma [3j 
with u as constructed in Lemma |H S = U(E), if as given by Lemma [6l and this 
potential <f>. The growth condition on if follows from (6.2) By (6.3) we infer from 
Lemma [3] that the first statement of the theorem holds for this u G AC(a, b). 

Since u' G C°°{\a,b] \ E) satisfies u'{x) —> 00 as dist(a :,E) —> 0, we see that 
E = {x G (a, b) : | , u. / (ai)| = 00}. In particular, since our function u is a minimizer 
with respect to its own boundary conditions, we see that the singular set of u is 
indeed E. 

We now prove the third statement of the theorem. Lemma [4] gives us a sequence 
of admissible functions u k G C°°([a, b]) which converge uniformly to u. We just 
need to prove that they also converge in energy. Let e > 0. By (4.2) we see that 


0 < _S? (u k ) — (u) = / L(x, u k (x), u' k (x)) — L(x, u(x), u'(x)) dx 


= / L(x,iik(x),u' k (x)) — L(x,u(x),u'(x)) dx. 

JV k 


We know from the precise conclusion of Lemma [3] that x i-A L(x,u(x),u'(x)) is 
integrable, so since A(T4) —> 0 as k —> 00 by ([Toll , we can choose k 0 >l such that 
J v L(x, u{x), u'(x)) dx < e/2 whenever k > k q. 
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Now, for each k > 1 and almost every x G [a, b), we have that 
L(x,u k {x),u' k (x)) = u(u' k (x)) + F(x,u k (x),u' k {x)) 

= v(u' k (x)) +7 (u' k (x),€(x,Uh(x)),0(x,u k (x))) 

by definition of the Lagrangian L in Lemma [3] Fix such an x € [a, b]. We get 
the following upper bound for 7 by using (2.5) (4.4)| (0 (noting £ > 0 by Q), 


and (3.1) 


l(u' k (x),£{x,u k {x)),e(x,u k (x))) < 6{x,u k (x))\u' k (x) -£(x,u k (x)) + 1| 

< $y(x,u k (x))(u k (x) + 1) + 0(x,u k (x))€(x,u k (x)) 

< &y(x, u k (x))((h k + 2) + 1) - $ x (x, u k (x)) 

< -® x (x,u k (x))(h k + 7)/4 

< -$ x (x,u k (x))h k /2. 


Now, u(u' k (x)) < oj{h k + 2) by properties of to and (4.4) and for sufficiently large 
k > 0, h k + 2 < oj{h k + 2), since to is superlinear and h k —> 00 as k —>• 00 . So, again 
using (4.4) and since certainly — > 2, we have, for large k > 0, 

L(x, u k (x), u k (x)) < to(h k + 2) - ®x{x, u k {x))h k / 2 < -$ x (x, u k (x))to(h k + 2). 

Now, if x G Vi- 1 \ Vi , then (x,u k (x)) G fli-i \ fii, so $ x (x,u k (x)) = $ l x (x,u k (x)), 
and hence — <& x (x, u k (x)) < Ai + 1. Thus for large l > 1, almost everywhere on 
V 1-1 \ Vi we have 

L(x,u k (x),u k (x)) < (Ai + 1 )to(h k + 2). 

So for sufficiently large k > 1, we have, since {h k }^L 0 is increasing, by properties 
of to, and that 

0< / L(x,u k (x),u' k (x)) dx < 2 . / L(x, u k (x), u' k (x)) dx 

J y k i= k +i JVi-AVi 

OO « 

< 'y ] _ (Ai + 1 )to(h k + 2) dx 

l=k+ 1 ' Vl ‘VV'i 


OO 

< ^ u>(hi 
l=k -\-1 

OO 

<E 2_/ 

l=k 

< 2 ~ k+1 . 


2)(Ai + l)\(yi-x) 


So choosing fci > 1 such that 2 fel+1 < e/2, we have for large k > fco,/ci that 
0 < FC{u k ) — FC(u) < / L{x,u k (x),u' k (x)) dx + / L{x, u(x), u'(x)) dx < e, 
as required. 


□ 
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